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ABSTRACT 

In this paper, starting from the angle of actual application, considering the method 
of group decision—making in complex systems and the fuzziness of Judgment in 
pairwise comparison of prolects. we construct the fuzzy Judgment matrix by 
using set —valued statistics method on continuous Judgment scale-and prove that 
every element of the fuzzy Judgment matrix can be -represented by positive bounded 
closed fuzzy number. After operated properties of "positive bounded closed fuzzy 
number are discussed, the fuzzy weight vector of projects can' be introduced" 
by applied fuzzy extension principle to the altered gradient cigenvector method. 
Thus, the rank —ordering of protects Is glvcp. In -this paper, we also give an 
example to apply our model. 

INTRODUCTION 

In AHP, the relative, importance of a set of prolects are determined by pairwise 
comparison. That is efficient for dealing with the rank —ordering problems with 
relative properties and without certain Identical scale can be used. But when we 
assign a number to represent the result of pairwise comparison, we deny all the 
other numbers. That is not so good because people's thinking and Judgment remain 
fuzziness and sometimes we also can not make out a certain number for the pairwisc 
comparison especially In complex systems. Van Larrhoven and W, Pedrycz presented 
a method In which fuzzy number with triangular membership functions were used 
to represent fuzzy Judgment 131 . They assumed that the result of pairwise comparison 
of prolects can be represented as fuzzy numbers with triangular membership functions. 
That Is convenient for operation, but the problems of the construction of fuzzy 
number with triangular membership Junction and Its oblectivism should be researched 
further. In this paper, starting from the angle of actual application, considering 
the method of group decision —making in complex systems and the f twins of Judgment 
In pa Irwin comparison of prolects. w,e construct the fuzzy Judgment matrix 
by using set —valued statistics method on continuous Judgment scale and prove 
that every clement of the fuzzy Judgment matrix can be represented by positive bounded 
closed fuzzy number. After discussing the operated properties of positivE bounded 
closed fuzzy number, we tin extract the fuzzy weight vector of projects from fuzzy 
Judgment matrix. Thus, the rank —ordering of proJects is given bi corresponding 
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fuzz.y weights. 

PRELIMINARIES 

In order to discuss the problem of the construction of fuzzy Judgment matrix and 
Its rank —ordering, we have to solve the operation properties of positive bounded 
closed fuzzy number first. Let It be real number fields, R+ = 1>0, 
x R 

Definition 1. Let F ( R ) = ( 4 : A is fuzzy subset on It ) . A ( R ) If 
( 1 ) 9 x'f It. such that A ( ) 
( 2 ) ths.E ( 0,1 1 AA:= ( x 5 6( x ) > is a convex set 

Then the fuzzy subset A Is called fuzzy number on It. 

•Definition 2. Let A. be fuzzy number on R. -If 114.0 0.1 1 . A,„ Is a closed set. 
then 4 is called positive closed fuzzy number; if AA. Is also a bounded set. 
then A Is called positive bounded closed fuzzy number. Let E( Ft+ ) ( 
A Is positive bounded closed fuzzy number on IC+ ) 

From Definition 2, we can get the result that if 4EF ( It+ ) then yx.g( 0, 1, 
A. can be represented as a closed interval. This is because AA. Is a bounded 
closed convex set, let a =- InfAx.. b= we can prove Ak= a, b I . 

According to fuzzy extension principle I I 1 we can get the operation principle 
of positive closed Interval. 

Theorem I. Let a. b 1 d 1 be positive closed Interval, e>0. tben 
(I) rails1-1-Ici d1=1a-bc,b+d1 
(2) Iaal•Ic0:11—Eacad) 
(3) larb)/(C;d1= fa/d,b/ci 
(4) efaibl= leased 
(5)•1/12,b1= 11/bil/n1 

For the operations of positive bounded Closed fuzzy number, by fuzzy extension 
principle Iii . we have following theorem:

Theorem 2. Let F ( R + ) ,At- 1-s,, r, B= ph . q„ I , e>0. then 
( I ) 6..+137 U ) = 0,1431.1 sx-Frk , r._ qk

04ASI 

( 2 ) tt.,.13v= ji st( Aos ) = I s, p„ • T. 1 

( 3 ) A /B=4 1.4.( ) = U X.1 admi /s t /ri, 

4 ) 46.7.',t4x( cA ):= .4141,1 1 es, (era ) 
C ( x ) 

( where CA is derived from function 
cx by extension principle ) 

( 5 ) /A= R at ( /A ) = I /r, I /s„ I 
• 

• ey 1 1.1 
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THE CONSTRUCTION OF FUZZY JUDGMENT MATRIX UNDER SINGLE 
CRITERION 

Suppose that the set of elements In s'ome level Is U= ( "itrei () Under 
some criterion, our aim is to determine the rank — ordering of relative importance 
of every elements In the level. We We following method to construct the fuzzy Judgment 
inatrix; under single criterion. • 

First, extending the 1 —9 scale that presented. by Saaty 1 2 1 to continue:us- scale 
Interval ( 0, 10 that Is, at 1, 3, 5, 7, 9, we have their original meaning, 
and we use other point x, x ( 0. 10_1. to present the intermediate state, the bigger 
the value x is, the more obvious the importance comparison is. Suppose the decision 
—making group have persons m, for any u4 , lI*1.1, every decision —maker have 
to make out his Judgment of Importance,: comparison independently, and according 
to the scale described above, give out a range on interval ( 0, 10 1 to represent 
the importance comparison. Denote the range given out by the kth decision —maker 
Is 1K=I a1,b1 1 ( k= 1, ...,m) . Of course, the result maybe appear to have I se 7t. 
such that I tp 74— if ( k, .1. • ( 1,— m II , for this case, the result can be 
adlusted by exchanging their opinions between the kth decision —maker and the ith 
decision — maker, and finally the result; 1c 21,,* 4 ( Y k, I e (I. m) ) can 
be reached. Under this condition, we have following conclusion;

Theorem 3. Let 101,4 4'(Yk.-1 E in) ) I ar  ( k= 1. • ••. m ) .then, 

au( x ) = 1 /mrXh( x ) x E( 0, I 

( Xrx Is 5;s characteristic function ) 
Is a closed fuzzy number on ( 0, 10 . 

(I) 

Proof. We can let a, Ca, • • • Cam.. Since y k 16 I • m) have TOIL= t. 
then we have akCbL ( y k, I ( 1, • • • .10 ) . So .2tn numbers a, t •.• a.. b, • • • , 
bscan be ranked from small to big as following (firm;

a, ‘a 2 z.c. • • • Car.....CA,C.b4..< ••• Cb 
In the case of x * ( 0, bti If x 1 at ( I. 2. • • • m — 1 ) we have 4 x = m ; if x . then 24.1 ( x ) =0 ; and If x a„, bi, then aki(x) 
= 1. Hence, in Interval (a. bh, aj (.x ) Is a monotone non — decreasing right 
continuous Ladder function. Similarly, in Interval I a„,, 10 I , ati ( x ) Is a monotone 
non —increasing left continuous ladder function. So Vxf( 0,1 1, (  )27 ( x ; paj 
( x ) x) is a closed interval, namely, ( a ki), Is a convex set, because of a 

cifx ) = 1 for x el as, bi. 1 by Definition I, a ( x ) Is a closed fuzzy number 
on ( 0, 10 1 . 

In the level U= ( u, . . u„ ) there are n ( n ) /2 Judgments required to 
be made. When we compare the importance -of u; u ( I <I ) If uis tmportance 
Is stronger than that of oi according to the method mentioned above. we can 
first get i; ( x ) by ) in Theorem 2. we have .uij ( x ) 1 ( x ) . So 
the n ( n — 1 ) /2 ludgmments can be represented by a upper triangular matilx. as 
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follow', 

Ai
l • • • 9••• 

I b. • 

I inn, 
where diagonal elements represent the importance comparison of u, with itself. so 
gic= 1 ( i I. -!7, • n ) and each element. a ti ( I<J ) Is bounded closed fuzzy number 
and Is Lebesgue measurable. 

LOCAL FUZZY PRIORITIES PROM UPPER TRIANGULAR FUZZY JUDGMENT 
MATRIX 

For the rank —ordering problem of upper triangular Judgment matrix 

A
an 

;las • • 

the altered gradient cigenvector method can deal with this problem I '5 1 t 

where 

Dr- n — I 

a->0 tj 

A.1 are determined by actual problem. 

From the elgcnvaluc problem 

we can derive 

where 
method 

D ( Aeft )W=W 

wa >0 can be 

Br-

tArl 
=Pi 

( where "." is Iladamard product ) 

( I= n — I ) 
assigned arbitrarily 

( WI l a w13) is weight vector that corresponds to 
Is easy for operation. and the parameters .kij can be 

experience. In the case of consistency ( namelji au= }mak' 
same as that from Eigcnvalue Method. So this method could 
for our Investigation. 
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For the upper triangular fuzzy Judgment matrix 

1 
ala I 
a at 

as. 

applying fuzzy extension principle I I I to equation ( 2 ) . we have 

Ityter (1=1,... 6— ) 
iv • can be assigned arbitrarily 

( 3 ) 

where i ( 1=1.— , TI ) arc the fuzzy weights that correspond to the relative 
Importance of ui . Go Into details, we have 

, ail (i 1.. ,n — 1 ) ( 4 ) 

Let Bid be positive bounded closed fuzzy number, since .aki arc all 'positive bounded 
closed fuzzy numbers, by Theorem 2. we have Wn-  Wn- 2 -• • . W1 are all positive 
bounded closed fuzzy numbers. Let 

we have 
( )16' [ ( ( au )2 1 ( )„,= 1.yi )2. ( vi 

t p..n Iv.1 1.ef 

= ail ( )a2 ( ),2, ) 
Pr,  

( 5 ) 

where aki O. it /kg =I.  rij Is weight that corresponds to lin. By equations 
( 4 ), ( 5 ) if xi; are determined; we can calculate the fuzzy priorities, and hence, 

get the rank —ordering of clemments ut ••• un . Because atj tire the weights 
that correspond to au, when we assign a number to ztj we have to consider the 
properties of all Itself. On 4E( 0.1 1 level, thp bigger the Lcbesgue measure 
of ( au ), is, the smaller confidence extent of Importance comparison of ul, tit It 
means, correspondingly, we must assign a smaller number to xij . In this way, 
we can let different confidence extent play different part in the decision — making 
process. Generally speaking, If L ( ( ),) o ( L represents Lebesguc measure), 
it means that the fuzzy number which have been assigned to. could be completely 
confidence on the x level. If there are s (0 <I<n — s ) members in ( ( al 
1+1 ) ( am ) } which Lebesguc measure are zero, then the corresponding 
are assigned as 1 /s; If L ( ( ai,)) 40. then the corresponding zq are assigned 
as 

aki= I A ( ( ) I / 1./L ( (.atj )„) 1 ( —:2. I ( 

So far, we can calculate wi ( I= 1, ....n ) especially, we can normalize c j ( 1=-
1, n ) . Let 
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( 7 ) 
i•c 

we have 

••;:= ual (ri /t t wla /f w.)1 1 ( 8 ) 
tat 

SYNTHESIS qi PRIORITIES 

Suppose wit. wzt , Vitt, are the local fuzzy priorities that correspond to elements 
ut ,•••;ua under the . .criterion ( t = 1, q ) • ••• aq arc the overall fuzzy 
priorities that correspond to A' R I. Then the overall fuzzy priorities of elements 
ut , tin can be represented as follows 

( I = 1.---,n ) ('9) 

Let 

then 
),.= F 1 as t.. ( i)'A' 

s•• 
• S. 

= I t ( 4.: l x %Zia. ( i ( !if tx 

( ( )Y01,, ( t 1 

and hence' 
=. ac( ( a • )' ( w1/ •— rc( a - y. ) ( tv.• 1 

.1.01 ••••) ••• g, ) P. 
1. 

This method foi synthesis of priorities reflects that every local fuzzy priorities play' 
a same part- In the calculation of overall fuzzy priorities. Using the same method, 
for every level in the hierarchy, overall fuzzy priorities can 42 compositcd from 
the second level to the bottom level which contains the set of projects to be chosen. 
Finally, the global fuzzy priorities that correipond to the bottom level edit be 
gotton. According to the global fuzzy priorities, we can make the choice. 

( w.) 

AN EXAMPLE 

( n ) 

• 
Suppose that there are three colleges, called BI, B2, B3 respectively. In order tb 
evaluate their standard of running a school, a committee, including three members; 
has been Installed to give the rank —ordering of them. The decision criteria have 
been made out as follows;

Al;  the effect in teaching and researching 
A2: the clonditions of • running a school and input—output benlflt 
A3; administrative level 

Apply the method presented above. The results arc as follows:

The upper triangular fuzzy Judgment matrix of the, criteria together with its fuzzy 
weight vector are 
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At Al Al weight sector 

At 1 
14 5.5-5 I 
144. 5-81 
(3-5 601 

1 48.2 1 1 
11-6- 2-21 

. 1 1•52.4 1 

10- 5($)22. 0-682371 
104188$. 0.726011 
1 0 35851. 0.90328) 

10.32. 0-361 10.09323. 0 11854 1 
Az I 10-3 .0-38 1 10-08378. 813571 1 

10-28.0.41 (0-0736. 0 15138 1 

1 0 2903.z- 0-32928 1 
A3 I 1 0 27925. 0-357141 

(0-26316. 0-378451 

1 al 61 1 
Denote at a2 23 bl b2 63 as 1 a2. 62 1 

1 at. b3 

The upper triangular fuzzy Judgment matrix of colleges for each criterion together with their local 
fuzzy weight vectors am as follows, 

At B I 13.1 83 wcieht sector 

131 1 
I 0-95. 1.08 
1881-15 j 
(0-82.1-2 I 

1 1 2-8 2- II 
( i-8. 2-2] 

11-75-2-24 1 

I 837635. 0-444811 
0-30557. 0-53000 1 
0-19094. 0-849)91 

' 
Ba I 

1.1.8. 1-9 1 
(1-7 .2-05] 
11-65. 2.1 1 

0-36515. 0-406311 
0.31794. 0-413021 
0-25835. 0- 54271 1 

133 . i 
1 0.20034. 0-21395.1 
1 0-18702. 0.23074 1 
1 0- 15657. 0-58430 I 

• 
A2 Bs B2 133 weight vector 

1 873.0 8 1 1 1.5.1.8 1 0.30734. 0- 33203) 
Ili 1 1 0-74-84 1 11-4. 1-91 0-26376. 0-44496 1 

(0-6.0.91 1 412 2 1 0-20304- 0-54493 1 
1 2.4 12-1 0-42274. 0 475571-1-

132 I 1 2-0.2-35) 0.37630s 0-53409 I 
1 1-85.2-41 0-33218. 0.60290) 

133 I 
820134 0 217 
818848 0 22727 
0.17956. 0-25121 

Al Hi Ba B5 weight vector 

B. 1 
j 0•73.88 1 
1 87.1184 I 
10.6.0-91• 

1 45. 48 1 
11-4. 1-91 
1 42.2-2 1 

0-30734. 0-38203 I 
0-26376. 0-44496 
0-20304. 0-54493 

132 I 
(2-1.2.2] 

1 24 2.35 1 
1 1-85.2-41 

842274. 847550 1 
0-37668 0-53409 1 
0.33218. 0-60290 1 

B3 i 
0.20131. &Mil 
0-18840. 0-22727 
0-17956. 0-25121 
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The global fuzzy; weight vector Is 

111 B2 B3 
1 3.8846 .0.564781 1 0.26746.0.39322 1 10.17825,0.241571 
10.28574.0.759021 10.20191.0.51985 1 0 .14 721, 0 .29616 1 
110.19752,1.18781 1 [0.14811,0.67317 1 10.17708,0.36640 1 

According to the global fuzzy weight vector. It will. be clear that the priority queue 
Is 131, B2, B3. 

CONCLUSION 

There are thr4 characters In this paper. The first, let decision —maker give out 
the range of pairwisc comperlson Judgment of elements on continuous Judgment 
scale, that is easy for decision —maker, and can' ,be accepted and be applied. The 
second, by using the version of nested sets, the operations can be carried on In 
every level and through the operations of endpoints of closed interval. So the complex 
question can be changed to simple one for ;solving. The third. In choice of 
weight Mj of g , consider that different confidence extent of Judgment must 
play different Tart, in calculation of fuzzy weight, so we can easily introduce 
the experience and thinking Judgment into the rank —ordering of prolects. 
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